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The familiar Segré—Silberberg effect of inertia-induced lateral migration of a
neutrally buoyant rigid sphere in a Newtonian fluid is studied theoretically for
simple shear flow and for two-dimensional Poiseuille flow. It is shown that the
spheres reach a stable lateral equilibrium position independent of the initial
position of release. For simple shear flow, this position is midway between the
walls, whereas for Poiseuille flow, it is 0-6 of the channel half-width from the
centre-line. Particle trajectories are calculated in both cases and compared with
available experimental data. Implications for the measurement of the rheological
properties of a dilute suspension of spheres are discussed.

1. Introduction

The phenomenon of inertia-induced cross-stream migration of small suspended
particles in flowing suspensions has occupied a central position in the rheology
and mechanics of such materials since the classical investigations of Segré &
Silberberg (1962a, b, 1963). Though there had been occasional prior reports in the
literature of non-uniform concentration distributions of particles in pipe flow
(cf. Starkey 1956), these authors provided the first conclusive demonstration
that neutrally buoyant rigid spheres in Poiseuille flow could, under appropriate
circumstances, migrate across streamlines. More surprising than the existence
of migration, however, was Segré & Silberberg’s observation that the spheres
eventually attained an equilibrium position at approximately 0-6 of the tube
radius from the tube centre-line.

Following Segré & Silberberg, many subsequent experimental studies have
been reported in which either the bulk flow configuration or the particle properties
differed from those of the original work. Many of these are summarized in two
excellent review articles, one by Goldsmith & Mason (1966) and the other by
Brenner (1966). More recent investigations have been reported by Tachibana
(1973) and Halow & Wills (1970a, b). These various studies show that the general
behaviour for rigid spkeres depends strongly on the specific bulk flow geometry
and on whether or not the particle is neutrally buoyant. For Couette flow,
neutrally buoyant rigid spheres migrate to the centre-line, while for both two-
and three-dimensional Poiseuille flow, the sphere ultimately attains an equi-
librium position which is approximately 609, of the way from the centre-line
to the vessel walls. On the other hand, a non-neutrally buoyant sphere subjected
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to Poiseuille flow through a vertical flow channel is found to migrate towards
the walls if its velocity is greater than the undisturbed fluid velocity evaluated
at the same point, but towards the centre-line if the particle velocity lags behind
the undisturbed fluid velocity.

In the present paper, we consider the case of a neutrally buoyant rigid sphere
suspended in a Newtonian fluid which is undergoing either simple shear flow
or a two-dimensional Poiseuille low between two infinite plane boundaries.
Many previous investigations have attempted to provide a theoretical descrip-
tion of the migration phenomenon. Experimentally, it has been recognized for
some time that a neutrally buoyant rigid sphere suspended in a laminar uni-
directional flow will rotate and translate without crossing the undisturbed stream-
lines, provided that the appropriate particle Reynolds number is sufficiently
small. Indeed, Bretherton (1962) has shown theoretically that, if the inertia
terms of the equations of motion are completely neglected, no lateral force can
exist for a body of revolution in a unidirectional flow. Theoretical treatment of
the migration problem thus requires inclusion of inertia effects. All investigators
to date have used asymptotic expansions for small but non-zero values of the
Reynolds number as a means of estimating the inertial contribution to the
lateral motion of the particle. The two best known studies are those of Rubinow
& Keller (1961) and Saffman (1965). Rubinow & Keller (1961) considered the
case of a rigid sphere which is simultaneously spinning with an angular velocity
Q. and translating (in a perpendicular direction) at a velocity U, through an
unbounded stationary fluid at small (but non-zero) Reynolds number. The
lateral force resulting in this case is

F; = ma®p, 82, x U, (1.1)

in which p, is the fluid density and «a is the radius of the spherical particle.
Saffman (1965) considered the case of a uniform shear flow (with shear rate g*)
of an unbounded fluid of viscosity g, The sphere was assumed to rotate with
an angular velocity . parallel to the vorticity vector of the undisturbed shear
flow, and to translate with a velocity V relative to the local undisturbed velocity
of the suspending fluid. The magnitude of the lateral force for this ‘slip-shear’

case is Fy, = 6463, Va2(B*py/uy)t, (1.2)

which differs radically from that predicted by the ‘slip—spin’ mechanism of
Rubinow & Keller (1961). In particular, the magnitude of the lateral force given
by (1.2) is completely independent of the rate of rotation of the particle. The
direction of the force (1.2) is such that a sphere lagging behind the local undis-
turbed fluid would migrate in the direction of the larger, undisturbed velocity,
while a sphere leading the undisturbed flow would migrate in the opposite
direction. Although a number of attempts have been made to use the theories
of Rubinow & Keller (1961) and of Saffman (1965) to explain or correlate ex-
perimental observations of lateral migration, neither furnishes a satisfactory
fundamental explanation of the phenomenon for the motion of neutrally buoyant
particles in tubes or other bounded flow systems. Cox & Brenner (1968) were
the first to consider the complete three-dimensional Poiseuille problem taking
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account of the presence of the walls and the non-uniformity of the shear. These
authors used the method of matched asymptotic expansions with two small
parameters, the Reynolds number and the ratio a/R, of the sphere radius to the
tube radius, to solve for the inertia-induced force and torque on the sphere.
Unfortunately, however, the solution is not given in explicit form, but rather
involves a number of very complex integral functions. As a result, no definite
conclusions can be reached regarding the direction of the lateral force, its precise
magnitude at any given radial position or even the presence or absence of an
equilibrium position corresponding to the original observation of Segré &
Silberberg.

Two-dimensional Poiseuille flow was previously studied experimentally and
theoretically by Repetti & Leonard (1966), who attempted to explain the
observed phenomenon of intermediate equilibrium positions by means of the
Rubinow-Keller slip—spin theory. Most recently, Tachibana (1973) reported ex-
perimental results for two- and three-dimensional Poiseuille flow and concluded
that the equilibrium positions are identical for both cases. Couette flow was
investigated, both experimentally and theoretically, by Halow & Wills (1970«, b).
The experimental work of these authors included a determination of equilibrium
positions, as well as detailed measurements of the particle trajectories, prior
to reaching equilibrium. The theory proposed was based upon the solution of
Saffman (1965) and was represented as providing agreement with the particle
trajectories. However, this agreement must be considered fortuitous since it
was only achieved after multiplying Saffman’s original (corrected) lift force by
an empirical factor of 5. Our present analysis is closely similar to that of Cox &
Brenner (1968). Specifically, we use the method of reflexions (equivalent to the
formal expansion in a/R,;) to obtain the necessary solutions of the fluid motion.
The lateral force on and velocity of the sphere are evaluated from these solutions
using the generalized reciprocal theorem of Lorentz. By restricting our attention
to two-dimensional flows between plane boundaries, we have been able to
evaluate the magnitude and direction of the lateral force. In the next section of
the paper, we outline the general method of solution and derive the necessary
governing equations. The third section outlines the solution for creeping motion
of a sphere suspended in a general quadratic bulk flow between two plane walls
when the sphere is located at an arbitrary position between them (though not
too close to either wall). The fourth section considers the related problem of the
creeping motion of a sphere normal to two parallel walls when the sphere is
again located at an arbitrary position between them. In the fifth section, we
use these two solutions and the generalized reciprocal theorem to calculate the
lateral force on the particle for both the simple shear and two-dimensional
Poiseuille flow configurations. Finally, in the last two sections we provide
trajectory calculations for a sphere and consider the steady-state concentration
distribution for various bulk flow rates in the presence of translational Brownian
motion. The trajectory calculations are compared with available experimental
data in the Couette and two-dimensional Poiseuille systems. The non-uniform
concentration distributions lead to an apparent non-Newtonian viscosity be-
haviour for two-dimensional Poiseuille flow, the behaviour depending on the
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specific apparatus. Thisresult is discussed in light of current theories of suspension
rheology and of the related experimental data of Segré & Silberberg (1963) for
apparent viscosities in tube flow of a dilute suspension of rigid spheres.

2. The basic equations

We consider a neutrally buoyant rigid sphere of radius a freely suspended in
an incompressible Newtonian fluid which is confined between two parallel
infinite plane walls separated by a distance d. The suspending fluid is assumed to
be undergoing either a simple shear flow or a two-dimensional Poiseuille flow.
We denote the fluid viscosity by 4, and its density by p,. The basic flow geometry
and remaining physical variables for the problem are depicted in figure 1. Of
particular importance is d,, the distance from the stationary wall in shear flow
or from the bottom wall in two-dimensional Poiseuille flow to the centre of the
particle. Also, as indicated, we employ co-ordinate axes fixed with respect to the
particle for the basic analysis, with z* in the direction of the undisturbed velocity,
y* in the direction of the undisturbed vorticity and z* in the cross-stream direc-
tion. The origin of the co-ordinate system is coincident with the centre of the
particle, hence, the walls in this system are located at 2*¥ = —d, and 2* =d —d,,
respectively. We assume that the sphere is translating at a velocity U¥ and
rotating with an angular velocity §2¥. As we have noted in the introduction,
there can be no lateral (z) component to U¥ in the absence of inertial effects in
the disturbance flow induced by the particle. The prime objective of the present
work is the calculation of the first inertia-induced contribution to the z com-
ponent UX. In the following analysis, all variables will be non-dimensionalized
with respect to the characteristic length scale @ and an as yet unspecified velocity
scale V}. Variables with the superscript * are dimensional and all others non-
dimensional, except for the obvious dimensional length scales @, d and d,. The
Reynolds number is then defined as Re = p, V¥ afu,.

We begin the detailed analysis with the full dimensionless governing equa-
tions and boundary conditions for the velocity and pressure fields U and P
expressed in the particle-fixed co-ordinates indicated previously:

ViU--VP = Re(U.VU), V.U=0,
U=Q,xr on r=1,
U=V,-U, on the walls,
U=V as r—>oo.

(2.1)

Here, V represents the dimensionless undisturbed bulk flow while V,, is the
dimensionless velocity of the walls. The undisturbed flow (V, Q) is measured
relative to the particle-fixed co-ordinate system described earlier. In order to
consider the simple shear and two-dimensional Poiseuille flows simultaneously,
the undisturbed velocity and pressure fields will thus be expressed in the general
form V= (OL—{-ﬁZ +v2?) €;— Us) Q= 2yz, (2.2)
where o, f and vy in simple shear flow are given by

a=V,s, f=V,k =0, (2.3)
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Fi1curk 1. The physical system for (¢) simple shear flow and
(b) two-dimensional Poiseuille flow.

and in two-dimensional Poiseuille flow take the form

o0 = 4Vpaxs(1—3), L = 4Vpax(1—28)k, 7y = — 4Vpax k2 (2.4)
In the above s = d,/d and « = a/d, with d, defined in figure 1. Both ¥, and Vpax
are non-dimensionalized with respect to V"

The solution of (2.1) is aided by introducing the disturbance velocity and
pressure fields v =U—V and ¢ = P—¢@. Since the undisturbed fields V and
themselves satisfy the equations and boundary condition

VIV-V@ =0, V.V=0, }
V=V,—U, on thewalls
for all values of the mean (bulk flow) Reynolds number,¥ it is straightforward

to obtain the governing differential equations and boundary conditions for the
disturbance fields:

(2.5)

Vv —Vgq = Re(v.Vv+Vv.VV4+V.Vv),
V.v=0,
v=Qxr-V on r=1, (2.6)
v=0 on the walls,
v—>0 as r— oo

+ The inertia terms vanish identically for the unidirectional flows considered here.

24 FLM 65
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In addition, since the disturbance flow is generated by the shear field acting on
the sphere, it is clear that the appropriate characteristic velocity V¥ defining
the Reynolds number in (2.1) and (2.6) is the shear velocity V7 (a/d) for simple
shear flow and V},,(a/d) for two-dimensional Poiseuille flow.} Thus, the appro-
priate Reynolds number for the disturbance flow (v,q) is Re = p, Vi «a/u, for
simple shear flow and Re = p, V. ka/u, for two-dimensional Poiseuille flow.
The present paper is concerned with the solution of (2.6) in the double limit
Re - 0 with « fixed, followed by « - 0. We shall soon see that it is necessary to
have Re < «* for the present method of solution. It is also worthwhile to note
that the Reynolds number for the bulk flow (V,Q), say Re = p, Vid/[u, for the
simple shear flow, is Re = Re x~2. Thus, the condition Re < &2 also implies that
Re < 1.

Following the approach of Cox & Brenner (1968), we thus proceed by
postulating the existence of an asymptotic expansion for v, ¢, U, and &, of
the form

Vv=vO4{RevD 4. .., g =qO+RegV+..., } e
U,=UQ+ReUP+..., Q =QP+ReQMV+ ...,
in which the individual terms (v, ¢®) and (v, ¢V} satisfy the equations
Vv —Vg® = 0, V.v® =0,
VO = QU xr—(a+pfz+y22) e, + U on r=1, 2.8)
vi® =0 on the walls,
v® >0 as r—>
and Vvl Vg = vO VyO 4 v VV 1V Vv,
V.v® = Q,
VO =QUxr+UY on =1, (2.9)

vil =0 on the walls,

v >0 as r-—>o0.

The condition for large » in (2.9) requires justification since it is well known
that, to solve the Navier-Stokes equations by perturbation expansion, an outer
expansion is generally required and a matching of the inner and outer expansions
is necessary to obtain higher-order corrections. In the present case, however,
Cox & Brenner (1968) have shown that the first term in the outer expansion is
of smaller order than the Reynolds number to the first power, so that ‘ matching’
for RevW is accomplished by simple application of the natural boundary con-
dition, namely v -> 0 as r — oo. Alternatively, it may be verified from the
solution for (v®,¢®) that the ratio of inertia to viscous terms is Rex1(r*/a).
Hence, close to and within the walls r* = O(d), the Stokes solution, provides
a uniformly valid first approximation provided that Re < 2. In any case, it
is clear that the outer expansion in Reis not required to obtain the lateral velocity
to O(Re).

1 However, if the sphere is not neutrally buoyant, so that an appreciable slip velocity
is introduced, the dominant disturbance may be generated by this slip velocity and the
appropriate characteristic velocity for the Reynolds number would be the slip velocity.
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The particle satisfies the usual equations of rigid-particle dynamies with no
external force and torque. Because of the O(Ke) migration, the particle does
suffer translational and angular accelerations, but these are O(Re?). Hence, there
is no net hydrodynamic force or torque on the particle at O(1) and O(Re), and
this fact is used to calculate U, and , to O(Re). The zeroth-order terms UQ
and Q are the translational and angular velocity of the sphere in the absence
of inertia and can be written as

UQ = U, Q© =Q0e,. (2.10)

The first-order correction, taking inertia into account, contributes the additional
translational and angular velocities U and QV. At present,we are interested
in calculating the lateral migration velocity Uy, which is the z component of UP.
Clearly, U could be determined by solving for v leaving U and " un-
specified and then applying the conditions of zero net external force and torque
on the freely suspended particle; however, it can be shown that a complete
solution for v® is not necessary for this purpose. Instead, a version of the well-
known reciprocal theorem of Lorentz which we shall outline in the next paragraph
can be employed; this allows the migration velocity to be expressed in terms of
a certain volume integral over the total fluid volume. Careful application of the
reciprocal theorem also provides a proof of the fact that the lateral velocity
calculated in the manner outlined above produces results identical to those of
the approach outlined by Cox & Brenner (1968), in which one, in effect, first
calculates the force required to prevent migration.

Suppose that @ is the stress tensor corresponding to the velocity and pressure
fields v® and ¢® and f is the inhomogeneous part of the governing equation for

D oW i
(v, W), that is D = — g 4 Vv 4 (Vy®)T, (2.11)
f=vO VvO+vO VV V. Vv, (2.12)
where | is the idemfactor and the superscript 7' stands for the transpose of the

dyadie; then we can write
V.x®_f =0, (2.13)

or in summation notation P —f=0. (2.14)
Now let us define a new velocity field (u, p) according to the equations

Vu-Vp=0, V.u=0,
u=e, on r=1,

z (2.15)

u=0 on the walls,
u—>0 as r-—>o0,

which is the velocity field for a sphere translating with unit velocity perpendicular
to the walls in a quiescent fluid. Denoting the corresponding stress tensor as t,
we can write V.t=0, or #;;=0. (2.186)
Equations (2.14) and (2.16) then lead trivially to the equations

24-2
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On subtracting (2.17b) from (2.17a) and integrating over the entire fluid volume,

f (Tgl 7’Lbl——tw i )dV = j‘luldv,
Vy Vr

and rearranging, we obtain

0 ow, 0
fo{ax (TP w) — T%)ax 8901( O+t ;dV ff,uldV

Use of the divergence theorem on the first and third terms yields

= n(rPu;—t;00)dA - T — oy _ " )dV fiwdV. (2.18)
4 ox; g ox; vy

Here n denotes the unit vector pomtmg from the walls and particle surface into
the surrounding fluid. By use of the definitions of 7§}’ and ¢; and the equation of
continuity, the integrand in the second integral can be shown to be identically
zero. Hence, applying the boundary conditions

vl=1u=0 on the walls,
vil >0, u=>0 as r—>o

and o = (UM);+ 65, Ti(QP)y u;=6,; on r=1
we obtain

f 7Y dA—(U;”)jf nitijdA—ejmk(le))mf renitydd = - fiudV. (2.19)
4 4 A vy

The first term on the left-hand side is the z component of the force on the sphere
due to the velocity field (v, ¢). Since the sphere is neutrally buoyant and
freely suspended, we require this force to be identically zero, i.e.

f T dA = 0.
4

The integral in the second term is nothing more than the hydrodynamic force
on the sphere due to (u,p), i.e. the force on a sphere which translates between
and normal to two infinite plane boundaries in a quiescent fluid, while the integral
in the third term is the corresponding torque due to (u,p). The latter is clearly
zero in view of the symmetries of the problem (2.15), while we shall show in §4
that the former is of the form

f nt;dA = —6m[14-0(x)] 6,
4
It thus follows that the migration velocity U is given by
1
ay . _
UG 67erff’u’dV' (2.20)
The function f can be determined completely once the zeroth-order solution

v ig available, and the solution of (2.15) is straightforward. Hence, the reciprocal
theorem, in the form (2.20), offers a considerably simplified scheme for calculating



Inertial migration of spheres 373

the lateral migration velocity, especially when compared with the alternative
calculation of the full first-order velocity field v,

It is significant that the same result for the migration velocity U can also
be obtained to the present level of approximation by a ‘two-step’ procedure in
which one first calculates the force on the sphere with U’ = 0. In this case,
(2.19) becomes

f ng0dd = — [ fudv.
4 Vi
Thus, the inertia-induced force is given by

Fp=—Re| fiwdV. (2.21)

Ve
Clearly, upon adding the hydrodynamic drag associated with lateral motion

— 67[1 +0(k)] Re U

and equating the sum to zero, the expression (2.20) is again obtained. The direct
approach represented by the original development leading to (2.20) and the
Cox & Brenner (1968) approach involving an intermediate calculation of ¥y,
thus produce identical results to the present order of approximation. In view of
the historical development of the problem, we shall adopt the latter, two-step
calculation.

In the following two sections, we consider solutions of the problems (2.8)
and (2.15) for v® and u which are necessary for evaluation of (2.21).

3. Solution for (v, q®)

Here we consider the creeping motion of a rigid sphere which is translating
with a velocity U e, and rotating with an angular velocity Q' e, in either
simple shear or two-dimensional Poiseuille flow between two parallel plane
boundaries. As we have seen, the corresponding velocity field (v, ¢©®) is required
to evaluate Fy using the reciprocal theorem, equation (2.21).

The solution is found by means of the iterative method of reflexions in which
the complete solution (v, ¢©®) is constructed as a sum of terms which alternately
satisfy boundary conditions on the sphere surface and on the walls. A detailed
description is given in Happel & Brenner (1973, chap. 7). The procedure actually
produces a sequence of terms of increasing order in « (= a/d) which is convergent
for k small, provided that the sphere is not too close to the walls. Expressing the
velocity and pressure fields in the form

VO = v 4 v+ v 4,

q<°’=q£°’+qé°)+q§°’+---,} G0

the method of reflexions is defined by the sequence of problems
Vv Vg = 0, V.v{® =0,

v = Qe xr—(a+pz+y22—-UQ)e, on r=1, (3.2)

vi®» >0 as r-—>o0;
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Viy® Vg = 0, V.v{ =0,
} (3.3)
vi¥ = —vi¥ on the walls;
VYO - Vg® =0, V.V =0,
VO = —v® on r=1, (3.4)

v® >0 as 7-> 0.

The quantities Q9 and U are as yet unknowns, which we shall shortly evaluate
by equating the net force and torque acting on the sphere owing to v identically
to zero. The field (v{?, i) satisfies the boundary condition on the sphere surface,
but in doing so generates non-zero terms at the walls. The second term (v{, ¢i)
cancels these terms at the wall, but in the process generates a non-zero con-
tribution at the sphere surface which must be cancelled by the third term
(v, ¢™), and so on to higher orders.

The solution for (v{?,¢") is found by using the general solution of Lamb.
The result is

V(O) = (u(O) ”50),@0(10)),

A x2\ 1 3x? z
) _ __ 71 hadi i ——— | =——C =
“ 2 (1+72)r B (1 72 )r3 017‘3
2 2,2
+3D (zx)+3E( 5x) 3F(z y)l3
72 7

1322 522 7T5z2x%\ 1 522 5z2 35z%%\ 1 .

4
v =~ 1(x—y)+33 2y , 3D, (xfz)—wE xyz+3F1

15T g
2
+§-1(13 35—2) 15H( —2)% (3.5b)
r r r

10 2 7
A [zx 2 x 3D 528\ x 2x
zv‘1°)=——2—(—ﬁ)+33175+073+ - (75) +3E, ( -72—)7—5—3@7—5
Gl 752 TR\ 2
where
Ay =-3UQ-a—%y), By=-{UQ-a-{y), O = —(Qﬁ‘y’)—%ﬂ),} (3.6)
Dy=-3p, E,=-%p F=-%y, Gi=+zy, Hi=4. .
The solution for (v§?, ¢i?) is found by requiring v§” = —v{®' on the walls. Since

the walls are a distance of order k=1 from the sphere, it is convenient to introduce
outer variables defined by

2 =kx, Y =ky, 2z =kz (r'=«kr). (3.7)

It is then necessary to re-express the field (v@, ¢©) in a form appropriate to the
region near the walls. This is accomplished by introducing the relationship

~ - f f exp{iQ— IAI}d’gd” (3.8)
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where Q = }(&2'+9y'), A = &' and £% = £2+ 9?2, so that the velocity field v{¥
can be expressed in mtegral form as
o= 5| | exptia-ian|a- §2<gz+|Alga]dgdn, (3.90)
=~f f exp {(iQ~ IAI}[92+{AJ.93] & fy, (3.98)
o 1" (" een i€ 2
wy =5 exp {iQ—[Al}[91+ 95+ 95+ |A] g5] 5 =7 dEdn,  (3.9¢)
TS _wd — 4 lzi
TS
where gy = —E"ZA1 (01 )IZ' £ (F %1) ¢, (3.10a)
K 5
92=ZZA1 ~8~(B1+F1+§%G §+ E ' lC g—z‘H1§3, (3.10b)
K 2D, 2

In view of the expressions (3.9), thefield v{”’ may be assumed to have the following
form, which satisfies the Stokes and continuity equations:

VO = (U, o0, wi®),
u = ——f f exp zQ){exp( —A) [94 22 (95+Age)]
+exp(A)[ +—§,—2( —Agg)]}dgdn, (3.11a)

o = f f exp (1Q) {exp (— A) [gs + Age] +exp (A) [g5— Ag,,]} 1 3t dy,
(3.11b)

w(°)=-—f f exp (1Q) {exp (— A) [g5+ g5 + 95 + Ags]

__exP(A)[97+93+99—A99]}%€d§d77. (3.11¢)

Here, g,,9;,...,9, are unknown functions of § and % which are evaluated by
applying the boundary conditions v{® + v = 0on the wallsz’ = —sandz’ = 1—s.
In the interest of brevity, the detailed results are not presented here (see Ho
1974); however, results to lowest order in « will appear in §5. For our present
purposes, it is sufficient to note that g,,gs,...,9, depend on £ and # only in
the combination { [ = (§2+#?)}] and that they can be expressed in terms of g,, g,
and g,.

In order to solve for (vi, ¢i¥), it is necessary to evaluate v’ in the vicinity of
the sphere where " and y’ are of order «. This is achieved by expanding the
integrand for small values of 2’2+ y'2. The results are

u® = 2L +1) - k(L + L~ L)z +..., (3.12a)
o = 04..., (3.12b)
w = —dk(L+ L+ L)x+..., (8.12¢)



376 B.P.Hoand L. Q. Leal

where I—f 8(gs+9,)dE 4—J. (g5 +9s) dE,

1, =J’°°%§2(g4—g7)d€, I ___fw%gz(gs_gs)dg, (3.13)
0

0
5= {7300

With v{?! expressed in this form, v{? too can be found easily using Lamb’s general
solution. The result is identical to (3.5) with 4,, By, ..., Hy replaced by A5, B, ..., Hs,
where

Ay = 3L +31), By =1 +1l),

Cy=—4k(3,— L), Dy =3x(3L+1), (3.14)

E, = (31, + 1), F,, Gy Hy = higher order in «.

This process of satisfying boundary conditions on the sphere and on the walls
can be repeated to yield corrections of higher order in . For the present purposes,
it suffices to stop at v{.

The hydrodynamic force and torque (dimensionless) acting on the body can
be caleulated using the formulae (see Happel & Brenner 1973, p. 308)

F,=dm(d,+ 43+ ...), T,=8m(Ci+Cs+...), (8.15a, b)

for which the coefficients 4,, 44, C, and C, are previously listed in (3.6) and (3.14).
It is obvious that, since (v®, p©®) corresponds to Stokes flow, the force and torque
on the sphere are in the x direction and y direction, respectively. It is most
convenient to re-express the coefficients 4, and C; in terms of 4,, C; and D,, i.e.

Ay =3I, +131) = kA, K+ KC, Ko+ k*D Kp + ..., (3.16a)
Oy = — (3, — L) = k24, L+ k%C, Ly + 63D, Ly +....  (3.16b)

Thus, substituting for 4;, ¢} and D; from (3.6), the force and torque may be
written as

Flam = ~3(UQ —a—ik2y') (1 + kK ) — k¥ Q0 —3kf VKo — 333’ Kp+ ...,
(3.17a)

T J87 = —(QQ — 3B (1 + K3L¢) ~ 33U — 0 — k29" L — 5640 Ly + ...
(3.17b)

The coefficients K ,, K, K5, L, Ly and Ly are integrals over { which are of
order x9, and are dependent only on the parameter s. In addition, 8’ = f/x = O(1)
and v = y/k? = O(1). Equations (3.17a) and (3.17b) may be used to calculate
the force and torque acting on a sphere which is translating and rotating at a
known specified rate in either Couette or two-dimensional Poiseuille flow.
Alternatively, the force and torque may be specified and (3.17a) and (3.17b)
used to determine the corresponding translational and rotational velocities U
and Q9.
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Present theory, Halow & Wills,

8 -2 Kp H11/(1 —8)2—1/s%] Wakiya
0-10 —30-834 —30-864 —
0-20 —7:199 —17-324 —
0-25 —-4:315 —4-444 —4.315
0-30 — 2717 —2-835 —
0-40 —1-018 —1-085 —
050 0-0 00 —

TaBLE 1. The slip velocity U,[V,«* of a neutrally buoyant sphere freely suspended in
a simple shear flow bounded between two walls, K p(s) = — K p(1 —3).

The specific case of primary interest in the present context is F, = T, = 0,
corresponding to a freely suspended neutrally buoyant particle. In this case,
it can be shown from (3.17a) and (3.175) that

08— = ety R K, (3.150)
QP — 3kp’ = —Lk*f’Ly,. (3.18b)

Thus, the sphere rotates with the vorticity of the fluid to within a small correc-
tion O(x*). In two-dimensional Poiseuille flow

x = 4Vmax3(1"‘5'), ,Bl = 4V (1—-28), ’)/' = —4y

max max*

Hence, the slip velocity U, = U — a becomes

U, = —4V, k2= 40V, k3(1 —25) K+ O(k9). (3.19)

max

This expression is consistent with the similar result given in Happel & Brenner
(1973, chap. 3) for motion through a circular tube, and predicts that a small sphere
(i.e. k <€ 1) will lag behind the surrounding fluid for all positions s. In simple shear
flow

a=TV,s, ﬁ’sza Y =0,

so that U, = —12,k3K 5+ O(k4). (3.20)

We have numerically evaluated K, for various values of s and the results are
listed in table 1. It is evident that the sphere leads the fluid for s > 0-5 and lags
behind it for s < 0-5. We note also the expected symmetry in Kj,:

Kp(s) =~ Kp(1—s).

These results for simple shear flow may be compared with the similar calculation
of Wakiya (1956), who solved the same problem but evaluated U, only for
s = 0-25 and 0-75. As indicated in table 1, our calculated values are essentially
identical to his at those values of s. More recently, Halow & Wills (1970a) used
an ad hoc method in which the contributions of the two individual walls were
summed to estimate the force acting on a sphere between two plane walls. The
resulting formula for F, is

LA

‘ 1
% (U-a) {1 +2 [1““1‘1——8]} _ TR F‘(T__s)é]' (3.21)

S
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(a) (b)
I A Y e - Y
Present Present
theory, Halow & Wills, theory,

8 Ka &l1fs+1/(1—-s)] Faxen La Faxen Wakiya
0-10 5709 6-250 — 0-236 — —
0-20 3-:073 3-516 — 0-286 — —
0-25 2-611 3:000 2:610 0-270 0-267 0:270
0-30 2-338 2-679 — 0-235 —_— —
0-40 2:076 2-344 — 0-129 — —
0-50 2-008 2:250 — 0-0 — —

TABLE 2. (a) Additional hydrodynamic resistance on a sphere translating parallel to two
infinite plane walls, K 4(s) = K 4(1 —s); and (b) the induced angular velocity,

La(s) = —La(1—s).

The corresponding values for U, [V, «® are also listed in table 1 for the case in
which F, = T}, = 0. Sufficiently near the walls, s < 0-15 or s > 0-85, both theories
reduce, in effect, to the motion of a sphere near a single plane wall and agreement
between them is expected. Surprisingly, however, the simple addition of the two
single-wall corrections gives results which compare quite well with our present
‘exact’ results for all values of s.

Although not required in the present context, it is also of general interest to
use {3.17a) and (3.17b) to calculate the force and torque on a sphere which is
translating in the = direction and/or rotating in the y direction between two
infinite plane walls in a quiescent fluid. In these circumstances, since

a = ﬂ’ = ’)/, = 0,
F, = —6nUQ(1+«K ) —4mc*QQ K, (3.22a)
T, = — 87QQ(1 +k3Le) — 127K2UQ L. (3.228)

In particular, a freely rotating sphere which is rising (or settling) through a
quiescent fluid will experience the usual Stokes drag force modified by the
additional term «K ,, and in addition will undergo an induced rotation at a rate

QO = - 32UY L. (3.23)

The coefficients K , and L , are listed in table 2 for various values of s, The values
of the term corresponding to X ,, i.e. %[1/s+1/(1—s)], from the approximate
method, equation (3.21), are also listed in the same table. Wakiya (1956) and
Faxen (see Happel & Brenner 1973, chap. 7) also reported the coefficients K ,
and L, for s = 0-25 and 0-75 (see table 2).

4. Solution for (u, p)

We now consider the creeping motion of a rigid sphere which is translating
in a quiescent fluid between two parallel plane boundaries in the direction
perpendicular to them. This velocity field (u,p) is required in the integral
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expression (2.21) for the lateral force. The method of solution is identical to
that of the preceding section, hence only the results will be given. We express

(u,p) as u=u1+U2+u3+...,}

P=pD1+py+pgt....

The solution u, satisfying the boundary condition on the sphere, ie. u, = e
atr=1,1is

(4.1)

z

Uy = (Uy, V1, W),

A zx 20 Ay 2 |
w=-FF+38 5, v = -8 3BIJ5, (4.2a, b)
A 221 322\ 1
wy = ‘—zl(“rz);—Bl(l—?);ﬁ’ (#:2¢)
and A4,=-3%, B =-1 (4.3)

Using (3.8), an integral form for u, can be obtained in terms of the outer variables
',y ,2 and r":

= _2—177_[10 f:o exp {iQ—|Al} [Izllfl"‘%fz] zglz 7| dgdy, (4.4a)
1 o [ . ’ 9
%J‘Nw f_w exp{iQ—|A]} [Iz lf1+zf2] Y IZ dEdn. (44b)

=g [ 7 esptia- |ABIA+A+ AT dEa, (4.40)
where fi=«x4,/48, fy=—-53B L. (4.5a,b)

Again, u, is assumed to have the form u, = (u,, v,, w,), with

J. J. exp (02 =exp [ fs+ §f4]+exp [ Ts— gfs]}zgdgd

(4.6a)
e 2o\
O Y A R A P
(4.6b)
‘—,,1 [7 ] exptiotexp(-n1fitsir At

+exp (A)[fs+fs—Afs]}dEdy.  (4.6¢)
The coefficients f3, f,, fs and fg are found by satisfying the boundary condition
u,+u, = 0 on the walls 2’ = —s and 2’ = 1 —s. As before, the detailed results
are omitted (see Ho 1974) while the expressions to the lowest order in « are

givenin §5. Again, f3, f,, f; and f; are found to be dependent on {. Near the sphere
u, can be simplified to the form

Uy = — 3kJyx +O(K3), vy = — xdpy + O(k3), (4.7a, b)
— (Jy+ ) + oz + O(x3), (4.7¢)
where n= [ wertd n=[7 Wi

. (4.8)
Jy= j RIS AL
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5 Ka $[1fs+1/(1~5)]
01 11-2 12-50

0-2 565 7-03

0-25 4-560 6-000

0-3 3-864 5-357

0-4 3117 4-688

0-5 2:902 4:500

TasLE 3. Additional hydrodynamic resistance on & sphere translating
perpendicular to two infinite plane walls, K 4(s) = Ka(1—s).

Hence, the solution u, satisfying the boundary condition uy+u; =0onr = 1is
the same as (4.2) with 4, and B, replaced by 4, and B;, where

Ay =—-3}Nh+Jy, Bs = _11‘(J1+J4)' (4.9)

This completes the solution to the order of approximation required for our
purposes.

As in the previous case, the force acting on the particle can be calculated from
the coefficients 4, and 4, for any given imposed velocity. The torque isidentically
zero. The general form for the force is

F o=dam(d,+4;+...). (4.10)

Hence, substituting for 4, and 4, from (4.3) and (4.9), and noting that
Ay =—-8(J+J) = k4, K+ 3B, K3, (4.11)
we obtain Ff6m = —(1+kK ), (4.12)

where the coefficient K , is an integral over { which is O(1) in , and is a function of
the single parameter s. Thus, to a first approximation we obtain the usual Stokes
force, with a correction O(x) due to the presence of the walls. The coefficient K ,
is listed as a function of s in table 3. So far as we are aware, the only directly
comparable results for two walls are from the study of Halow & Wills (1970a),
who approximated the drag force as the sum of two single-wall calculations. This

approach yields
F 1 1
£ = . el ~- - —
6m [1+8K(s+1—s)]’ (4.13)

which is to be compared with (4.12). We have listed the correction term from
(4.13)in a form comparable with the coefficient K , in table 3. Unlike the previous
example, where the ad hoc method of Halow & Wills producesreasonably accurate
results, the comparison in this case is very poor with the values of the exact
calculation being as much as 50 9%, lower than the values from (4.13). As one would
expect, the greatest differences occur near the centre of the gap, where the
influences of the walls are comparable. When the particle is close to one wall,
the influence of the other is apparently weak and the one-wall approximation is
adequate.
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5. The lateral force

To calculate the lateral force, the volume integral (2.21) must be evaluated
using the velocity fields v and u of the preceding two sections, i.e. we require

F, = —Ref u.[vO . VvO 1 vO VV 4 V. VvOidT,
vy

where V; is the fluid volume outside the sphere and bounded between the walls:
={rlr>1,2<00,y< o, —sfk <z<(1l-s)k}
Motivated by the fact that the lower limit of integration is O(1) while the upper
limit is O(1/k), we divide the region of integration into two domains ¥} and ¥,
such that ={r|1 <r < Axx-1, (5.1)
={r|Ak*1 < r < 00, —sfk < z < (1—3)/x}, (5.2)
where 0 < y < 1 and A is a constant of order «°. Hence
FL=—Ref u.de—Ref u.fdv. (5.3)
vy A
Let us now investigate the magnitude of the first integral in (5.3). The solutions
of the previous two sections and the general form (2.2) of the undisturbed flow
field give the following orders of magnitude in « and the radial position r:
u=u+u,+Us+...,
1/r)+O(1/r3),
O(x)+ O(x?r) +

K K K2 K2
r)+0(r—3)+0(r—2)+0(;1)+...,

(g ol o) -o(F)0f2)0(5) .

VP ~ O(k3)+ O(k4) + ..., (5.4b)

K3 K® K4 K*
o ~ 0(7) +0 (7—3) +0(72) +0(;;)+...,

V ~ O(kr) + O(x%?). (5.4¢)

1~0

,_\,\

Uz ~ (5.4a)

g3~ 0

/—\/—\

It follows, therefore, that the integrand behaves as

1 11 111
u. f~K20( 3,7.5,7'7)-|-K30 (;2',73,;;, ...)+.... (5.5)

Tt can be shown that the volume integral over a spherical shell (i.e. 1 < r < Ak*~1)

of the first term in (5.5) is identically zero. Thus, the dominant term derives from

the term of order «®/r? in the integrand and the magnitude of the integral over

W is

f w.gdV = O(kr+2), (5.6)
"
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Now let us investigate the second integral in (5.3). Here, in estimating the
magnitudes of the various velocity fields, it is convenient to use the outer
variables z', %', 2’ and #’. Tt is then easily shown that

U, ~ O(k), Uy~ O(K), Uy~ Ox?), (5.7

v ~ O(k3), V@ ~ O(x®), V@ ~ O(x%), (5.8

V ~ 0(1). (5.9

Hence, neglecting terms O(x3) and smaller, the second volume integral of (5.3
can be written as

—Rej u.de=—ReK‘2j (uy +uy). (Vi + V). VV
Ve Va

+ V. V(P 4+ vdV +0(x3), (5.10)

where the velocities are expressed in outer variables and ¥, is the volume element

defined by AkE < 7

and ' <o, y<oo, —s<gz'<(1-3s) (5.11)

Now, the dominant term in the integrand of (5.10), as ' — 0, is O(x*/r'%), hence
if the lower limit ' = Ak* were replaced by # = 0, an error would be introduced
which would be of the same order of magnitude as the contribution from ¥,
ie. K‘2f0(K4/r’2)dr’3 = O(x?tx), But the volume integral over V, is of order «2,
hence to a first approximation, it is permissible to put ' = 0 as the lower limit
and neglect the integral over V] entirely. We note that the resultant expression
for Fy, equation (5.10), involves only u, and u,of u, v{' and v’ of v®, and a single
term of V. Let us rewrite these various velocity fields (in terms of outer variables
x',y’, 2" and r’). First, u is given by u = u, +u,, with

Uy = (U, V1, W),

uy = k322 [43+ 0(K%), vy =k 3y [4r"+ O(<P), (5.12a, b)
w1=’<§(1+§:—:)%+0(/<3), (5.12¢)

' P Uy = (’MZ, Uy, w2)3
Up == E o W) [oxp (= A) (Afy+fa) +exp (A) (Afs —fo)] £, (5.13a)
Ve = *%f: J(W) [exp (— A) (Afs+f1) +exp (A) (Afs— fe)l §dE, (5.13b)

Wy = *j: Jo(W) [exp (—A) (fa+fa+ Afs) +exp (A) (fs +/s— Af5)]£dE,  (5.13¢)
where

fa= (Bx[BAD)[(t,—1) (t— 1)+ (1 —8) &ty — Lt + 88yt — (1 —8) §%] + O(x?), (5.14a)

fa=(—3k/16AL) (1 —5)2 {2, — (1 — 25) {2 — 2Lt + s(1 —8) £3] + O(k?), (5.14b)

f5 = (Bk[8AL) [(t;— 1) (¢ — 1)+ 8L, — G+ (1 —8) Lty t — s8] + O(x3), (5.14¢)

fo = (= 3x/16A) [s%2%, + (1 — 28) L% — (1 — s)2 Lty + (1 - 5) (3] + O(3) (5.14d)
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and
pr=a"t+y? t=expl, i =expsl, f=exp[(1-5){], A=(@-1)-C%,

W = 1{p" and the J,(W) are Bessel functions of the first kind of order .
Second, v is given by v® = v{¥ + v{9 with

0) — 0 0 {0
V](. ) = (ui)’vﬁ),wﬂ),

32D, (Zx'?\ kA 21 k2
o _ 1 . 1 - 1
Uy 2 ( '8 ) 9 (1+712) 7 '3 4 (515a)
3x2D, (x'y'2\ kA, [(x'y
O __ 1 - 1 g
W= ( 5 ) 3 (7,3), (5.15b)
32D, (22" kA, (z'z2"\ K20,z
O i 3 Pl e 3 el 1
ulp = 3 ( = ) e (713) iy (5.15¢)

withD; = — 28k, 4, = —3(UQ —a—~1y'k?) and C; = — (Q — 15'«). Hence, from
(3.18), it follows, for a freely suspended neutrally buoyant sphere, that

A, =§f'k3K; and O, =358'k'Ly,

so that, in (5.15), the term involving D, is O(x®), the term involving 4, is O(x%)
and the term involving C, is O(x%):

538" (2’x'%  BkiB'K A1 5k88'Lp2’
o _ _ _ D il sliens Vhl
“ 2 ( r's ) 6 (1 +7"2) r’ 33 7 (5.16a)
5k38' (x'y'2’\ Bk Ky (x'y
{0) = — — D —_——
'U], 2 ( 7',5 ) 6 (T,3), (5.16b)
5k38° (2'%"\ Bk Ky, (2'a’\ | 5k88'Lpa’
(LISl folilial AR st Pl Il s’ Lk
w! . ( ws) : (Tﬁ)-+ - (5.16¢)

The velocity field v{ is given by
0 = (), 9, i),

P = f - {%%(W) [exp (= A) (25 + g5+ Ags) +exp (A) (20, + s — Ags)]

1a/2—y
— 5T V) XD (= A) g5+ Age) +exp (8) 0 = Agol]| €0%, (5.170)
o = —f: xp—,yzcé(W)[eXP(—A)(95+Age)+eXP (A) (95— Ags)1 £dE, (5.17b)

wl = — f LW exp(— A)(gu g5+ 0o+ Ago) XD () 01+ 0+ 0, — AgoIEL.

(5.17¢)
Here, g,(£), 95(£), ---,9,(§) are expressible in terms of g,, g, and g,, which are given
by ’ ’
_ &4, k2D2" K0z
=S R TE T (5.18a)
_ k4, _ k4, 2Dz’
gg—j;z—'i-..., g3——1~€———8—|-z-T+.... (5.18b, c)
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For a neutrally buoyant particle, the term involving D, is O(«3), the term in-
volving 4, is O(x*) and the term involving C; is O(x%); then it can be shown that
to the lowest order in «

9a= _Qg}: (t:jll) +0(k), (5.19a)
KBt 14 (1—8)L 1
9= 48 { —1 A

X [(te+ 1) (t— 1) —2(1 —8) &ty — (1 +8) & — 288t — (L —8) ]

——————A(f_z_ 1)[(1“3)2t2+28(1—8)t2t+t2+82t2t2—(1—s)2§t~s(1-—s)gtz]}+0(K4)’

(5.195)

Je = (3L [24A) [(La+ 1)t — 1) — (1 —8) {ty — & — 58t + (1 —8) L&)+ O(xY), (5.19¢)

357
g7 = 524/7) (t;:l) +06, (5.194)

_ 53 +1+sf 1
=748 " t=1 A
2

TAQ-1)

b+ 1) (E— 1) = 288, — (2— ) & — 2(1 —8) &yt —sL]

(8%, + 2s(1 —8)E b+ 124 (1 — 8)2 8,82 — 2 —s(1 — 8) §t2]} +O0(k*),
(5.19¢)

g = (—5K3B'[24A) [(t,+ 1) (E— 1) —slt, — G — (1~ 8) Gyt + 8L+ O(k).  (5.19f)

Finally, the undisturbed velocity field V is

= (f'z' +y'2'8) e, +O0(k?). (5.20)

It may now be seen from (5.15) and (5.16) that the dominant term in the ex-
pression (5.10) for neutrally buoyant particles is due to the stresslet (D,, determined
by the bulkrate of strain) and its reflexion off the walls. The Stokeslet contribution
(A, originating from the lag velocity) and the couplet contribution (C, originating
from the rotation slip) are of one and three orders of magnitude smaller in «,
and hence may be neglected for this case. From this, one can conclude that the
lateral force originates from the shear field acting on the sphere rather than the
presence of & wall-induced lag velocity or slip-spin. On the other hand, it should
be pointed out that for the special case of a non-rotating sphere, where C; = xg’,
the stresslet and couplet terms are of same order of magnitude. Similarly, if
the lag velocity were significantly larger, as might be the case for a non-neutrally
buoyant sphere, the contribution of the Stokeslet term might generate a lateral
force of comparable or even larger magnitude than that determined here.
Indeed, it is clear from (5.15) and (5.16) that a suitable criterion for neglect of
the contribution to the lateral force induced by the body force (for a vertical
flow channel) is

|«2D;| > |k4,;] or |4,| <«2p'. (5.21)
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An explicit requirement for the case where 7, = 0 follows immediately from
(3.17a) and (3.175), which yield

Ay = (F /47 + 3630 K p) (1 + O(x)).
That is, we require |F,f4m| < k25", (5.22)
When the body force is gravity, (5.22) becomes (in dimensional quantities)
%[ py—pol § < pro Vimk?, (5.23)

in which g is the gravitational acceleration, p, is the density of the particle, p,
is the density of the suspending fluid and V} is the dimensional mean flow rate,
being equal to 3V for simple shear flow and £ V%, _ for two-dimensional Poiseuille
flow.

We have used the various estimates (5.12)-(5.20) to evaluate the expression
(56.10), leading to the lateral force F;. As indicated previously, the lower limit
for the radial variable 7" in ¥, was 0 and the contribution from ¥ was neglected
completely. The volume integrations over ¥, were carried out analytically,
however the various integrations with respect to { were determined numerically
for various values of s. The general form found for F; is

Fy = £ Re[f2G(s) + By Gofs)], (5.24)

with the convention that a positive force is in the direction of increasing s while
a negative force is in the opposite direction. The functions G,(s) and Gy(s), which
are independent of the detailed undisturbed flow, were evaluated numerically
for various values of s and are listed in table 4. It is found that

Gi(s) = —Gh(1—s), Gy(s) = Gy(1—s), (5.25)

and G,(s) is positive for 0 < s < 0-5 whereas G,y(s) is always positive. The general
expression (5.24) for the lateral force is applicable to all undisturbed flow fields
of the form o+ f'2" +y'2"2.

A careful examination of (5.24) indicates the following general behaviour of
the individual terms. The first term, which is the interaction of the disturbance
stresslet and its wall correction with the bulk shear (hence proportional to £2),
in all cases produces an inward force which tends to cause migration toward the
centre-lines = 0-5. The second term, which is the interaction between the Stresslet
and the curvature of the bulk velocity profile (hence proportional to fy), tends
to cause migration in the direction of increasing (absolute) shear rate. For every
example of two-dimensional shear flow a+ 4’2’ +7y'2’? involving either moving
walls, an imposed pressure gradient or a combination of these, the region of
largest shear is near one (or both) of the walls.

Reverting to dimensional variables and substituting for g’ =V, = 21, and
v’ = 0in (5.24), the lateral force for simple shear fiow is thus

Ff = po V5202346, (s)], (5.26)

which is plotted in figure 2. Hence, for this case, the lateral force is in the positive-z
direction for 0 < s < 0-5 and in the negative-z direction for 0-5 < s < 1-0. Thus,
a stable equilibrium position for the sphere in a simple shear flow between two

25 FLM 65
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s & G, s X @,

0-50 00 1-072 0-25 0-885 0-711
0-49 0-0419 1-070 0-24 0-907 0-683
0-48 0-0837 1068 0-23 0-927 0-654
0-47 0-1254 1066 0-22 0-945 0-625
0-46 0-1669 1-062 0-21 0-960 0-596
0-45 0-2080 1-056 0-20 0-973 0-566
0-44 0-2489 1-050 0-19 0-982 0-536
043 0-2894 1042 0-18 0-988 0-506
0-42 0-3293 1-033 0-17 0-990 0-477
0-41 0-3688 1.023 016 0-988 0-448
0-40 0-4077 1-012 015 0-981 0-420
0-39 0-4459 1-000 0-14 0-971 0-393
0-38 0-4834 0-987 0-13 0-957 0-368
0-37 0-520 0-972 0-12 0-943 0-345
0-36 0-556 0-956 0-11 0-931 0-324
035 0-591 0-940 0-10 0-927 0-306
0-34 0-626 0-922 0-09 0-940 0-292
0-33 0-659 0-902 0-08 0-982 0-282
0-32 0-691 0-882 0-07 1-07 0-278
0-31 0-723 0-861 0-06 1-23 0280
0-30 0753 0-838 0-05 1-50 0-291
0-29 0-782 0-815 0-04 1-93 0315
0-28 0-810 0:790 0-03 258 0-354
0-27 0-836 0-765 0-02 3-59 0-414
0-26 0-861 0-738 0-01 533 0-505

TABLE 4. Values of G, and Gy; Gi(s) = — G,(1—3), Gy(s) = G(1—s).

plane wallsis the centre-line s = 0-5, where G, (s) = 0. This value agreesreasonably
well with the experimental observations of Halow & Wills (1970a, b), who found
a stable equilibrium position between s = 0-5 and 0-55 in a concentric-cylinder
Couette flow. In the next section, we shall show that the slight apparent dis-
crepancy in these two results is due to the curvature of the Couette flow stream-
lines.

For the case of two-dimensional Poiseuille flow, where " = 4V, (1 —2s) and

v’ = —4¥_,, the dimensional expression for the lateral force is

Ff = po VE2a2¥36(1 — 25)2 G4(s) ~ 36(1 — 28) Gy(s)], (5.27)

which is also plotted in figure 2. Clearly the portion £'2G,(s) of the force which
involves the square of the shear rate tends to push the sphere to the centre,
while the term £'y'Gy(s), which involves the produect of the shear rate and its
rate of change, is negative for 0 < s < 0-5 and the positive for 05 < s < 1, thus
opposing the effect of the first term. There are three positions where the force F;,
is zero: the centre-line (s = 0-5), which is unstable to slight perturbations, and
s = 0-2 and 0-8, which are stable equilibrium points. Unfortunately, the only
available experiments for two-dimensional Poiseuille flow, those of Repetti &
Leonard (1966) and of Tachibana (1973), are somewhat inconclusive with regard
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Ficure 2. Lateral force 17’2/,0o V X a%? as a function of lateral position.
, simple shear flow; — — —, two-dimensional Poiseuille flow.

to the equilibrium position. In Repetti & Leonard’s experiments, the particles
were never quite neutrally buoyant. Rewriting the criterion (5.23), we require
|5 = pol < to VinJd?g.

Using the maximum viscosity and velocity estimates of 10cP and 2cm/s,
oV [d2g ~ 107% for Repetti & Leonard’s experimental set-up. On the other hand,
the density differences were never measured more accurately than to within
+ 1074, The fact that the particles were never really neutrally buoyant may
explain why Repetti & Leonard were unable to obtain reliable and conclusive
results for the equilibrium position with their ‘neutrally buoyant’ spheres. The
equilibrium positions reported by Tachibana (1973) also exhibit a great deal
of scatter. However, Tachibana presented sphere trajectories only for two cases
with equilibrium positions of s = 0-2 and 0-8, which, for reasons that are not
clear from his paper, he apparently felt to be the most reliable.

These equilibrium values agree perfectly with the present theoretical pre-
dictions.

25-2

387
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Finally, it is interesting to note that the predicted equilibrium positions for
two-dimensional Poiseuille flow are precisely equivalent to the value measured
in a circular tube by Segré & Silberberg (1962a, b). In addition, the form (5.27)
for ¥ in this case is essentially the same as Segré & Silberberg’s empirical estimate
(cf. the discussion by Brenner 1966, p. 381).

6. Particle trajectories

It is of interest to use the result for the force to calculate the trajectories of
the sphere. In particular, the calculated sphere trajectories can be compared
with available experimental results reported in the literature. The lateral velocity
has been found to be given in dimensional form by

Fr _:%Vgn*dx

L* — 3
ReUs bmuga  6mu, ), (6.1)
in which G(s) is given by G(s) = 4G4(s) (6.2a)
for simple shear flow and by
G(s) = 36[(1—25)2Gy(s) — (1 —25) Gifs)] (6.25)

for two-dimensional Poiseuille flow. The sphere trajectories can be expressed in
terms of the lateral position of the particle either as a function of time or as
a function of axial position in the flow channel. Since the lateral velocity UL*

can be expressed as
ds _pyViid 3

% _
Re UY™ = ddt* 6 G(s) (6.3)
and the axial velocity as
UQ* = ddz’|dt* = o+ O(k?), (6.4)
the trajectory equation may be expressed either as
6mu
* 0
N (6.5)
. ' 6yl
or equivalently dx’ = p-—-————o T dkIG() ds. (6.6)

For the time trajectory, we have for both simple shear and two-dimensional

Poiseuille flow 6mu, (° ds

P = 0|
(] Po V;,kzzKa o G(sl)9 (67)
and for the axial-position trajectory in the simple shear flow case
(a=Vks=2Vks),
12 S o’ ’
we have o = 2THy (78 ds (6.8)

o po Vidr®) s, G(s")
while in the two-dimensional Poiseuille low case
(o = 4V s(1—s) = 6V s(1—3)),

;. 36mu, fss(1=s') .,
' —wy = e V;d@fsn G ds’. (6.9)
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Figure 5. A comparison of experimental particle trajectories (Tachibana) in two-
dimensjonal Poiseuille flow with the present theory: O, experimental (Tachibana);
, present theory. In (a), the lateral position s is plotted vs. 8x'[(p, VX d[u,) x*]; and
in (b) the lateral position s is plotted vs. & with p,V,d[p, = 32-1 and ¥ = 0-0795.

For simple shear flow, the particle trajectories (6.7) and (6.8) are plotted in
figures 3(a) and (b) with s, taken to be 0-01 and 0-99. The time trajectory is
symmetric about s = 0-5 while the axial-position trajectory is not. For two-
dimensional Poiseuille flow, (6.7) and (6.9) are plotted in figures 4(a) and (b).
Since in this case both time and axial-position trajectories are symmetric about
8 = 0-5, only s, = 0-01 and 0-49 are considered. The main feature of interest for
Poiseuille flow, which we shall discuss at greater length in the following section,
is the skewness of the trajectories in the sense that spheres near the wall clearly
migrate more rapidly than those near the centre for a given average flow rate
VY in a given fluid. This feature reflects the larger lateral force associated with
the region nearest the wall.

For the reasons discussed in the previous section, the trajectories of Repetti &
Leonard (1966) cannot be compared with our present theory. The only available
experimental results are those of Tachibana (1973) and Halow & Wills (19704, b).

Tachibana (1973) studied the migration of neutrally buoyant rigid spheres in
two- and three-dimensional Poiseuille flow. Particle trajectories giving lateral vs.
axial position were measured for the two cases cited earlier in which the equi-
librium positions were s = 0-2 and s = 0-8. These trajectories are reproduced in



Inertial migration of spheres 391

figures 5(a) and (b) together with corresponding trajectories predicted by the
present theory. The agreement between observation and theory is remarkably
good.

Halow & Wills’ experimental investigation of sphere migration was carried
out in a Couette flow system in which the inner cylinder was rotated and the
outer cylinder was held fixed. For gap widths small compared with the cylinder
radius the flow may be approximated as a simple shear flow. Extensive results
are given in the thesis of Halow (1968) and our comparison is drawn from this
source. As we have indicated earlier, Halow (1968) found the equilibrium position
to be close to the centre-line between the two walls, but also somewhat closer
to the inner moving wall, corresponding to a value of s between 0-5 and 0-55
in our present nomenclature. We believe that the slight discrepancy between
these values and the predicted value of 0-5 is due to the fact that the Couette
flow in Halow’s apparatus corresponds only approximately to a simple shear
flow. In fact, the ratio 2d/(r,+r,) has values of 0-1, 0-17, 0-22 and 0-3 in his
experiments, where r; and r, are the inner and outer eylinder radii. The case
corresponding to the value 0-1 is the nearest to simple shear flow, however, in
this case the shear rates are too large to be compared with the present small-
inertia expansion. The case 0-17 has sufficiently small shear rates; however,
the flow is slightly different from a simple shearing flow.

In order to provide a detailed comparison with the data of Halow (1968),
we therefore modify the analysis which is presented in the previous sections for
simple shear flow to include the effects of curvature in the velocity distribution.
Hence, instead of assuming simple shear flow, let us write an exact expression
for the tangential undisturbed velocity field with co-ordinate axes fixed at the

centre of the particle:
% _ T* 2¥\ [ry(ry+7)
pE = V* (s+ d) [—_r(r2+r1)]' (6.10)

Here, V; is the tangential velocity of the inner wall, s is the non-dimensional
lateral position of the sphere measured from the outer wall, 2* is the lateral
position measured from the sphere centre and » (dimensional) is the radial
position measured from the centre of the coaxial cylinders. Thus, the factor
ri(rg+7)fr(ry+7,) provides a correction of the simple shear flow profile for the
Couette geometry. Provided that 2d/(r, +r,) is small, we can write

ry(ra+7) _ _7'2(7'2_7'1)( _ _i)
Wt~ g\ T (6.11)
or
# *
Vé — p* Z_) [1_7'2(7'2‘7'1) 1— To(rg—1my)2 ]
V(o) [T e

= Vﬁ[ufﬂ:ﬂ) (1 —s)] LT [1—12(12-';“) (1_23)]'?{-;

ry(re+71) ri(ry+7y)

FraBsnl] (2o

r1(ra+79)
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F16URE 6. A comparison of the lateral force for simple shear flow with that for
Couette flow. — — —, simple shear flow; , Couette flow with R = 0-1.

The deviation of the Couette flow profile from simple shear flow depends on the
parameter R = ry(ry—r,)[ry(ry+7,). We can express the tangential velocity in
dimensionless form as
V=a+f72+y727%

where

a=TVs[1~R(1-s)], B =V,[1-R(1-25)], 7' =V,R (6.13a,b,0c)
Hence, our general result (5.24) can be used to calculate the force

Fp, = Rer®["Gy(s)+ 'y Gafs)].

We have plotted the result for the force with the parameter B = 0-1 (corre-
sponding to the case of 2d/(r,+r,) = 0-17) in figure 6. Also shown is the force for
simple shearing flow. The equilibrium position is seen to be shifted to s = 0-53.
The corresponding sphere trajectory, in the form of lateral position »s. time, is
plotted in figure 7. On the same figure are the experimental results of Halow
(1968) for the corresponding case in which the gap width d is 9-48mm and
R = 0-101. Again reasonable agreement between theory and experiment is found.
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F1cURE 7. A comparison of experimental particle trajectories (Halow) in Couette flow
with the present theory (solid line). In the results of Halow, d = 9-48 mm, r, = 60 mm,
ry = 51 mm and B = 0-101. The following points and numbers correspond to different
sphere radii reported in the thesis of Halow: <, 5, 6 (@ = 0-8495 mm); (O, 11, 12
(a = 0-8495mm); W, 15, 16 (¢ = 0-636 mum); A, 19 (@ = 0-735 mm); [, 20 (@ = 0-537mm);
V., 25, 26 (@ = 0-296 mm); @, 27, 28 (a = 0-296 mm).

7. Flow of a suspension of rigid spherical particles which undergo
translational Brownian motion

As a specific application of the results of the preceding sections, we consider
the motion of a dilute suspension of rigid spheres which are simultaneously
undergoing inertia-induced lateral migration and translational Brownian motion.

Of course, the preceding results have been derived for a single sphere in
a given bulk flow, and it is necessary to investigate the circumstances in which
the lateral force calculated for that case is applicable to a particle in a suspension
of many particles. We have seen that the role of the walls is eritical in the migration
phenomenon and acts essentially by modifying the inertial behaviour of the
flow. In addition, the walls also cause the sphere to have translational and rota-
tional velocities different from those of the surrounding fluid, but the lateral
force induced by this difference is smaller by O(«). If we now consider fwo spheres
present in the bulk flow, it is clear that the modification of the inertial behaviour
of the fluid would not be changed significantly from the single-sphere case
because the second sphere constitutes the addition, in effect, of a boundary
infinitesimally small compared with the infinitely unbounded walls. In addition,
each sphere would also translate and rotate in creeping motion at different
velocities as compared with a single sphere. This difference is of order (a/d) (a/l)?
for translational motion and (a/d) (a/l)® for rotational motion, [ being the inter-
particle distance (see Wakiya, Darabaner & Mason 1967; Batchelor & Green
1972). However, we have previously shown that the lateral force will not be
affected unless the translational and angular velocities of the sphere are changed
to order (a/d)? and a/d respectively [cf. (5.15)]. Hence, the conditions for neglecting
two-particle inertial migration compared with the single-particle/wall migration

are (afl)? < ald, (afl)® < 1. (1.1a,b)
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For a dilute suspension of concentration @ (~ a3/i%), the condition (7.18) is
automatically satisfied and (7.1a) becomes

D? < &3, (7.2)

In addition to two-particle inertial migration, it is possible that three-particle
interactions may cause migration even at zero Reynolds number since the
collision process is not reversible. Since three-particle interactions have a prob-
ability of occurrence O(®2), a conservative condition for the neglect of this effect
relative to wall-induced single-particle inertial migration is @2 < k2 Re, or since
Re < k2,

02 <kt (7.3)

Hence, if the conditions (7.2) and/or (7.3) are satisfied, it may be assumed that
the lateral force on a particle in a suspension is equal to that on a single sphere
immersed in the fluid.

Here, we consider the concentration distributions, flow behaviour and
effective viscosity of a suspension of uniformly sized rigid spheres undergoing
lateral migration with simultaneous Brownian translation in simple shear flow
and two-dimensional Poiseuille low. The concentration distribution is established
as the result of a competition between the lateral migration foree, which tends
to cause the particles to crowd to a preferred position, and Brownian motion,
which tends to cause a uniform dispersion across the channel. For our present
purposes, we consider only the simple situation of steady bulk flow in which the
concentration distribution has achieved its final, steady-state configuration.

The governing equation for the steady-state probability density function ®(s)
for concentration can be written as

d[O(U%.+ Re U)[ds = 0. (7.4)

Here U}, represents the effective lateral velocity due to the action of Brownian
diffusion in the presence of a concentration gradient, i.e.

kT )Idd)

* T e — — —
Uk = (67r,uoa d ds’

(7.5)

where kT[6muya is the translational Brownian diffusion coefficient, with & as
the Boltzmann constant and 7 the absolute temperature. The velocity in the
z direction induced by inertia is

Re U} = Fi(s)[6muya. (7.6)

It should be noted that each of (7.5) and (7.6) is only a first approximation in «.
The solution of (7.4) with (7.5) and (7.6) is simply

D(s) = D, exp [%,J:F}'j(s’) ds’] /f::o exp [;TJ: FE(s) ds'} ds”, (7.7)

where ®@,, is the mean concentration

1
D, EJ D(s')ds’
0
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Fiagure 8. Concentration distribution ®(s)/®,, for various K in (a) simple shear flow and
(b) two-dimensional Poiseuille flow.

and the lower limit of the integral of F¥(s’) is taken to be } for convenience.
Substituting the general form for Ff, i.e.

F(s) = py VAR aP26G(s),

and defining the parameter K = p, V*2a*/dkT, the concentration distribution
function may thus be expressed as

®(s) = @, exp [K f % G(s’)ds'] / f ;=Oexp [K f i G(s’)ds’] ds’.  (7.8)

The function ®(s) is plotted with K as a parameter in figures 8(a) and (b). Since
the distributions are symmetric about s = 0-5, only half of the channel width is
considered. Clearly K ~ 10 is inertia controlled whereas K ~ 0-01 is diffusion
controlled, these cases corresponding, respectively, to sharply peaked and nearly
uniform concentration distributions.

Provided that (7.2) and/or (7.3) are satisfied even at the most concentrated region,
the local effective viscosity at any position s may be calculated using the classical

formula of Einstein p(s) = pg[1 +ED(s)]. (7.9)
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There is an additional correction term due to the presence of inertia. For example,
in an unbounded system, Lin, Peery & Schowalter (1970) have shown that the
correction is O(Re?). For small Reynolds number, we can neglect this correction
and consider only the correction due to a non-uniform particle distribution.
Since @ depends upon s, so does «, and the velocity profiles for the suspension
as a whole will differ slightly (by O(®,,)) from their simple form for a fluid of
constant viscosity. This change may then be reflected in the relationship be-
tween the pressure drop and flow rate (AP/L versus ) for the Poiseuille flow,
and in the relationship between the applied force F7% and wall velocity V7 for
simple shear flow. Hence, an investigator measuring AP/L and @, or ¥} and V7,
as a viscometric measurement for an assumed purely viscous fluid of uniform
viscosity would be led to conclude the existence of non-Newtonian behaviour
since ®(s) changes as a function of the flow rate. The equations for a steady-state
unidirectional velocity field in the case of spatially varying local viscosity are

simply d du . .
%[ﬂ(s)%]= ; u=0 at s=0; u=V, at s=1, (7.10)

for simple shear flow, and

d du AP\ . _
EE[’M(S)EE] = (—E—)d ; u=0 on the walls, (7.11)

for two-dimensional Poiseuille flow. By solving these equations, the modified
velocity profiles can be shown to be

u(s) 5[ J‘s ' ]

=z = 8+5 |80, — | DP(s)d 7.12
e S L (7.12)
for simple shear flow and

(s)
g

5 1
= [1—(1-28)]+3 {3[1 ~(1—28)2]f0 (1—2s"2 (') ds’

0

3
—4f (1—2s") (I)(s’)ds'} (7.13)
for two-dimensional Poiseuille flow. If ®(s) = ®,,, these expressions reduce to
w(s)[VE = s, (7.14)
u(s)3Vh = 1—(1—2s)2, (7.15)

which are the appropriate velocity profiles for a fluid of constant viscosity.
For simple shear flow, the correction term, (7.14) subtracted from (7.12),

g [sq)m—f: (I)(s')ds'] (7.16)

is positive for 0 < s < 0-5 and negative for 0-5 < s < 1, and it is odd about
§ = 0-5. Thus, from (7.12), the suspension moves more rapidly near the fixed
wall and more slowly near the moving wall as compared with (7.14). For two-
dimensional Poiseuille flow, the correction term, (7.15) subtracted from (7.13),

g {3[1 (- 28)2]f: (1—25') B(s") ds’ — 4f

0

g

(1-2s") (I)(s’)ds’} (7.17)
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Ficure 9. Correction term in velocity profile for (a) simple shear flow, equation (7.16), and
(b) two-dimensional Poiseuille flow, equation (7.17).

is negative for 0-22 < ¢ < 0-78 and positive for 0 < s < 0:22 and 0718 < s < 1,
and is even about s = 0-5. Thus, the resulting motion (7.13) is more rapid near
the walls and slower near the centre as compared with (7.15). These correction
terms (7.16) and (7.17) are plotted in figures 9(a) and (b) for various values of K.
We have also plotted the resulting velocity profiles corresponding to (7.12)
and (7.13) in figures 10(a) and (b) for K = 2 and @, = 0-1. Although the present
small-® theory is not expected to hold at a value of @,, as large as this, this
value does allow the predicted corrections to be discernible on the scale of the
bulk flow field. The most interesting feature evident in this figure is the flattening
of the velocity profile for the case of two-dimensional Poiseuille flow.

It is of greatest interest to calculate the apparent viscosity ,,, which would
be measured by interpretating force/wall velocity or pressure drop/flow rate
data as though the particle concentration was uniform, and the suspension
therefore Newtonian with a constant viscosity. For simple shear flow, this
apparent viscosity may be expressed as

Happ = F::;d/V:n (7.18)
where F;, is the applied force (equal also to the force required to keep the

stationary wall fixed) and V;; the velocity of the moving wall. Similarly, for a two-
dimensional Poiseuille flow, the apparent viscosity is

tapp = — 12 (AP[L) d¥Q, (7.19)
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Ficure 10. Velocity profile for (a) simple shear flow and (b) two-dimensional Poiseuille
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where AP/L and @ are the measured pressure gradient and volumetric flow
rate. Using the velocity profiles (7.12) and (7.13), plus the expression (7.9) for
the effective local viscosity, we evaluate (7.18) and (7.19) to obtain the results

Hagp = fo[1+ 3Py, + O(DF)] (7.20)
for simple shear flow and

Papp = Fo [1 +§f: 30(s") (1 25)2ds’ + O(q)?")] 72D

for two-dimensional Poiseuille flow. Thus the apparent effective viscosity will
be independent of the flow rate (shear rate) and equal to the Einstein value with
® replaced by ®@,, for simple shear flow, but distinctly flow-rate dependent
(‘non-Newtonian’) for two-dimensional Poiseuille flow. We have plotted the
expression (7.21) for u,,, as a function of the flow-rate parameter K in figure 11.
The deviation from the simple Newtonian value corresponding to a uniform
concentration distribution (K = 0) first decreases with K but then for K > ~0-5
increases monotonically towards the approximate asymptotic value

(ﬂapp_ﬂo)/ﬂo = %(Dm(IOG)

Although this behaviour may appear unusual and at variance with the available
data of Segré & Silberberg (1963), it is easily understood on the basis of the
present theory. In a non-uniform shear flow, the contribution which a given
particle makes to the dissipation of energy (and hence to the effective viscosity)
depends on the square of the local velocity gradient. A particle near the wall,
for example, contributes a greater fraction of the overall rate of dissipation
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than does a particle which is near to the centre-line, where the local shear
rate is small. In addition, we have seen (cf. figure 2) that the lateral force is
greatest near the wall and least near the centre-line. Hence, as K is increased,
the migration of particles from the wall towards the ‘equilibrium’ position is
more effective than the migration from the region nearer the centre-line, and the
steady-state concentration distribution becomes skewed in favour of more par-
ticles in the centre and less near the walls (cf. figure 8b). Thus, initially the
change in p,,, is towards lower values as the decrease in dissipation due to
migration away from the walls dominates the increase caused by outward
migration from the vicinity of the centre-line. For some intermediate value of K,
the effective viscosity begins to increase as the outward migration from the
centre becomes comparable with the inward migration from the walls. The
data of Segré & Silberberg (1963) show only a decrease in viscosity with in-
creasing flow rate. However, owing to the large particles used (@ = 0-6 mm), the
values of K (~ 108) are well into the migration-dominated regime where @ is
not small near the equilibrium position and particle-particle interactions are
important.

This work was supported, in part, by grant 6489-AC7 from the Petroleum
Research Fund, administered by the American Chemical Society, and, in part,
by NSF grant GK-35468.
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